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ABSTRACT: Wormholes are solutions to Einstein’s equations connecting two different points of space-
time. Traversable wormhole constructions, in which a particle can enter one side of the wormhole and
exit through the other in a finite amount of time, require large amounts of negative energy. Recent
progress has demonstrated that there exist physical systems that can produce this required amount
of negative energy. In this work, motivated by the Casimir effect, we probe for other physical systems
that might have this negative energy-producing property. Specifically, we investigate the minimum
possible uniform energy density that can exist in a bosonic system. Technically, we numerically search
for such states by varying temperature-like variables attached to each site of a chain of finite length.
Future work will then scale this process from 1+1 dimensions up through 3+1 dimensions, determining
the minimum possible uniform energy density in each.
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1 Introduction

It has recently been found that along a finite slab in (3+1)D, a massless Dirac field admits states with
arbitrarily large amounts of negative energy with respect to the antiperiodic vacuum [1]. Technically,
these states were found numerically by varying over the space of states on this slab. The key takeaway
of [1] is that fermions in (3 4+ 1)D admit states with arbitrarily large amounts of negative energy.

In this work, we search for the same sort of enhanced negative energy states, now for a bosonic
massive free scalar field. Technically, in the lattice picture we search for states which have a uniform
energy profile along a chain of N simple harmonic oscillators which are nearest neighbor coupled. Our
search for such states is equivalent to searching over the space of states, as our density matrix takes
the form:

logp = —ZﬁaHa + const., (1.1)

where H, are the onsite Hamiltonians, and the 3, are parameters that we can vary (c.f. Appendix
B). Thus, the search over states is equivalent to varying the f,’s.

Numerically, we perform a gradient descent algorithm on the 3,’s, with a cost function which
sets the energies along our chain to some constant value. In order to compute this energy gradient,
one must invoke symplectic methods, and in particular formulate a notion of symplectic perturbation
theory (c.f. Appendix A).

One can easily show that, given the definition of a symplectic transformation in equation A.1,
the set of symplectic matrices forms a group under matrix multiplication. Thus, we follow the multi-
plicative perturbation scheme introduced in [2], as opposed to the usual additive perturbation scheme,
as it naturally takes into account this property of symplectic transformations. The details of this
perturbation scheme are reviewed in Appendix A.

Applications to Wormholes

Certain solutions to Einstein’s field equations in General Relativity, specifically those of the traversable
wormhole between two spacelike separated regions of spacetime, require the existence of large amounts
of negative energy within the wormhole [3]. Thus, discovering physical states in a given physically
reasonable quantum field theory (QFT) that have arbitrarily large amounts of negative energy helps
to validate these wormhole constructions.

As a technical note, also mentioned in [1], the construction presently discussed does not discover
states with (2 4+ 1)D Poincaré invariance, which is required of states which support a traversable
wormhole. This is simply because we did not impose such a condition within our numerical search,
and thus it does not show up in our cost function. Thus, the results here only suggest that further
work is required to determine whether physical states in this field theory can have arbitrarily large
negative energy and the aforementioned Poincaré invariance.

Outline

The outline of this thesis is as follows. In section 2 we discuss the setup of our system, both in the field
theory and lattice pictures. We then discuss the specific case of periodic conditions, which will be the
scenario with respect to which we define our negative energy. We end section 2 with a brief comparison
between the field theory and lattice pictures, which allows us to gain field theoretic intuition about
the choices we makes in the lattice picture. In section 3, we begin by motivating the use of symplectic
methods in this model. We then expand on the numerical methods being used, and briefly mention
the symplectic perturbation scheme. This scheme is more fully discussed in Appendix A. Finally,



in section 4, we discuss the results we have found in our analysis, as well as the key takeaways and
interesting next steps.

2 Setup of the Problem and Energy Regulation

Consider a (1 + 1)D bosonic massive free scalar field theory on an interval with unspecified boundary
conditions. We wish to vary over all allowed states, and compare the ground state energy in each.
Technically, this is most easily done by lattice regulating our field theory. Below we set up the field
theory picture of our general system, and then consider the most general lattice realization. After
this, we move on to analyze the specific case of periodic boundary conditions.

2.1 Field Theory Picture

Before describing our system as a field theory, we mention that we work in natural units within this
thesis (i.e., ¢ = i = 1). Dimensionally, this means that position is equal to inverse momentum, that
energy is equal to inverse time, and that position is equal to time. Also, throughout this thesis we will
be using the mostly — signature, which in (1 + 1)D is (+—)?.
The continuum picture of our system is described by a simple massive free scalar field with
Lagrange density:
1 m?

_1 2__ 2__ 2
L= 2(@@) 2(&&) 5 ¥ (2.1)

Our problem then becomes the following: given a (1 + 1)D interval along this field theory, what is
the minimum possible energy achievable when varying over the space of states. In order to obtain
meaningful energies from our field theory, we must regulate it in some way, as it is well known that
QFT calculations are riddled with infinities. For its ease of numerical implementation, we will be
using a lattice regulation of our field theory, which simply means that we consider an analogous lattice
system to our field theory which preserves the same physics. Such a lattice model is described below.

2.2 Lattice Picture

To numerically realize our system in (14 1)D, we lattice regulate our field theory picture. That is, we
consider N nearest neighbor interacting simple harmonic oscillators with an additional onsite term:

2
_ p; 1 2 9 A ) 2 ) 2
H—; [2m+§mﬂ q; +§((%—qu1) + (i — ¢i41)?) (2.2)
Here, m is an onsite mass?, A is the coupling strength between nearest neighbors, and €2 is the frequency
of onsite springs. An intuitive picture of this setup is seen in figure 1. As with the field theory picture,
in the lattice picture we wish to vary over the states to find the minimum possible uniform energy

density. This would correspond to varying over how site 1 is connected to site N.

11t should be noted that this convention makes me just as nauseous and unwell as it would for any sane physicist.
But, I promise it makes things easier— I'm not going to the dark side without reason.

2Note that this mass is different in general than the mass that appears in our field theory picture. As discussed in
section 2.3.3, the frequency €2 of the onsite spring seen in figure 1 is equivalent to something like the mass of our field
theory
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Figure 1. Simple picture of our lattice regulated field theory.

2.3 Periodic Boundary Conditions: This Again?

As mentioned extensively in the above sections, we would like to find the minimum possible energy
in our system by varying over the allowed states on our slab. Before moving on to the general case,
which is covered in sections 3 and 4, we will consider the special case of periodic boundary conditions.
In both pictures, this is equivalent to connecting the two spatial ends of our (1 + 1)D system into a
circle.

The reason we care about the periodic boundary condition case is because this will be the setup
with respect to which we define our negative energy. That is, if we find a state with energy less than
that computed in the periodic boundary condition system, then we will consider this new state to
have negative energy.

Through this example, we will learn about regulating the infinities that naturally appear in QFT,
and about the connection between the field theory and lattice pictures.

2.3.1 Field Theory Picture

It is well known that a general solution to equation 2.1 subject to periodic boundary conditions is of
the form:
p(z) = Z (ckake_“"“' + cZaLeik'x) , (2.3)
k
with k = %, where here x = (¢,z) and k = (w, k) is a reduction of the usual 4-vector notation used in
field theory to (14 1)D. The equations of motion for equation 2.1 are found using the Euler-Lagrange
equations:

oL oL
o —= = 920 = 020 — m? 2.4
Ha(aﬂw) 8@ = t P =P m-e, ( )

which, upon plugging in for equation 2.3, gives the dispersion relation:
wr = VEk?+m?2, (2.5)

where again, imposing periodic boundary conditions, k = %, with n € IN and R the radius of the circle
that our chain forms.

Calculating the minimum energy for this system (i.e., computing the ground state energy, which
in Fock space is the state |0,0,...)), we find a divergent sum:

E;E;T:Z%w:z /]7;_22_,_77127 (2.6)

neEZ nelN

where we have dropped the constant shift in energy provided by the n = 0 term in the sum?

all we care about is differences in energies. In order to get a sensible answer, we must regulate this

, since

3Yes, T define 0 ¢ IN, okay? It’s the superior convention.



sum in some way, such that we can extract a universal and finite answer. Ideally, this finite part will
be independent of the choice of regulator. Below we consider a few regulators, and show that they all
give the same finite contribution to the ground state energy.

Setting m =0

Setting m = 0 seems to be a harsh choice of regulator, as we are now considering a massless field, which
naively would give a different ground state energy than a massive field. However, we may nonetheless
compute the sum in equation 2.6. Doing so, the sum we wish to compute now becomes:

1
EFT = = > on, (2.7)
nelN

which can be regulated using the Zeta function®. Thus, our ground state energy becomes:

1

Efl = ——. 2.8

gs 12R ( )

This is exactly what we wanted! We have obtained a finite answer for our previously divergent sum.

We then hope that other choices of regulator will give a finite contribution to the ground state energy

that is equal to that seen in equation 2.8. As a side note, the fact that this energy is negative is a

phenomenon known as the Casimir effect, and which has been observed experimentally to occur (c.f.
[4])-

For those who have not seen, or are uncomfortable with using, the Zeta function, we can equally

En

tame the sum in equation 2.7 by setting n — ne™ " in the limit ¢ — 0. Doing so, our sum becomes:

dnem ==Y 0" =0 (%)n = —0. <1 _166) , (2.9)

neN nelN nelN

where we have used the linearity of the derivative and the geometric sum formula. Then, performing
this derivative, we get that our total ground state energy is:
1 ec 1 1

EFT _ _ = . 2.10
g3 R(ec—1)> 2Rcosh(e) —1 (2.10)

And, Laurent expanding this function about small €, we find that:

1 /2 1 €
EFf = — (2 -4 — 4 2.11
9s T 9R (e‘z g T 130 T O )) : (2.11)

where the finite term in the limit of € — 0 is again — as expected.

1
2R’
Setting mR — 0.

This is a slightly less strict form of regulation than the m = 0 case we considered above. We are
simply assuming we are in the limit of vanishing mass, or equivalently the limit of vanishing radius
for our system. Either way, our ground state energy equation 2.6 in this limit (upon expanding the
radical) becomes:

1 m2R?2  m*R*
FT § 6 6
nelN

4The Zeta function is given by ¢(s) = > nenn . So, we see here that we wish to compute ((—1), which has a known

1
value of —15.



Thus, we can regulate the first and third term as we did above using the Zeta function®, and the
second term we can regulate using the Ramanijan summation and the Cauchy principal value®:

> % =g. (2.13)

nelN

We can equally say that this term in equation 2.12 blows up, as one can argue that the Zeta function
has a simple pole at s = 1. Either way, to leading order in mR, we see that the finite term in the

L as expected.

ground state energy is given by E;;T = —Don

Power Series in mR

The final choice of regulator we will consider is a power series in mR, which is exact. That is, recall
that the binomial theorem says that:

= n—|—1) —k, K
= E n 2.14

where here T'(z) = [;°t*"'e~'dt is the usual gamma function. Using this, our ground state energy
becomes:

EFT = % S Vn? m?R? = Z Z r 33/2 (mR)?*n!=2F, (2.15)

nelN /2_

Separating our the K = 0 and k£ = 1 terms, we find:

EfT = E > )2 +y f: klll:(#(m]%)%nl*% , (2.16)

nelN nE]N neN k=2 "~ (5 _k)

where we can regulate the first and third term using the zeta function, and we can regulate the second
term using the Cauchy principal value method used above. Then, we get that our ground state energy
is:

o0

2 p2
BIT = —%% + mﬂf Vg + ’; %(mm%g(zk —1), (2.17)
where here we swapped the order of sums in the third term and used the definition of the zeta function.

As expected, the leading order of this expression exactly agrees with our previous regulators,
meaning we have found a universal, finite energy which is the physical energy of the system, which
should be the same regardless of choice of regulator. Thus, we choose to use the lattice regulator, as
our above analysis suggests that it should still give the same finite contribution to the ground state
energy.

Before proceeding, we note how the above analysis fits into our solution. We have shown above
that we can regulate our field theory such that we extract a finite, physical energy (this is the —ﬁ
that we kept finding). Then, what we want to do is to find a state such that even this finite, physical
energy can be arbitrarily negative. So, the enhanced negative energy that we are finding is not the
product of a lack of regulator. Instead, it is a novel statement about subsystems of a field theory.

5Where here the term proportional to n is regulated by ¢(—1) and the term proportional to n—3 is regulated by ¢(3).

6The cauchy principal value of a function f(z) at z is given by lim._q w



2.3.2 Lattice Picture

We begin with our Hamiltonian given in equation 2.2, and we impose periodic boundary conditions.
That is, we have a chain of N nearest neighbor interacting particles. We start by assuming a purely
classical system. Then, using Hamilton’s equation, we get that the equations of motion are:

mi; = — (mQ* +4X) g; + 2XAgj11 + 2Xg51, (2.18)
which, upon imposing periodic boundary conditions, is solved by:
Qn(t) _ Aefiwtfikna’ (219)

for a the lattice spacing (i.e., the distance between sites on our lattice). As we’ve invoked periodic
boundary conditions, this solution is invariant under the shift & — k + 27”, meaning we may set
k=k,= 21(;—2 Then, plugging this solution into equation 2.18, and using the above invariance of k,
we get:

—mw?q, = — (mQ2 + 4)\) Gn + 2X\qna1 + 2Mgn_1 = — (mQ2 + 4>\) Gn + 2Agne”* 4 20g, e, (2.20)

So, our dispersion relation is:

8\ ka 8\ ™
_ _ 2 L 22 (M) 2 4 a2 (22
w—wn_\/ﬁ ersm <2>—\/Q +msm (N) (2.21)

So far, we’ve considered only a classical system. Quantizing our results, subject to the commuta-

tion relations:
[Gn, Pnr] = @6, (2.22)
we get a solution:

(jn(t) _ Z (Alefi(wltfklna) + AA;rei(wltfklna)) ) (223)
l

Then, using the usual definition of the position and momentum operators:

1
gi = (GI + ai) Di = 14/ s (ai - ai) , (2.24)
2mw 2

we find that finding the quantum mechanical energy expectation value, (H), = (0| H |0) ,, from 2.2,

is:
N/2

a w, Q2 2\
E58t22(7+ﬂ+mw>' (2.25)

n=1

Thus, we have found the ground state energy” of our (now quantum mechanical) lattice regulation of
our field theory. Let’s take a slight (but beneficial) detour and discuss what we have found.

"This is an energy. Later in section 3.2 we are computing energy densities. So, in section 4 when we plot our
preliminary results, we must divide the above analytic solution for the energy by the number of sites.



2.3.3 Lattice vs Field Theory vs Brown vs The Board of Education

Above we have found that the ground state energy for our field theory is given by equation 2.6, whereas
that for our lattice regulated field theory is given by equation 2.25. The lattice energy should equal
the field theory energy in the limit of large IV, such that Na is held constant. Moreover, in this limit
the two dispersion relations, given by equations 2.21 and 2.5, should also be equal. Taking this limit,

we find the following:
o / 8\ m2n?
w,? by Q2 + N (2.26)

Comparing this equation with the form of the field theory dispersion relation, equation 2.5, we find
that, in the limit of large N, these two pictures agree when we set ) = mppr and R = %\/g . And,
since we know that the length of our slab in the field theory picture is proportional to Na, where a
is the lattice spacing, we see that we further set a = \/g . The extra 27 in our formula for R is an
artifact of interchanging between R being the radius and circumference of the circle that our system
forms when imposing periodic boundary conditions.

That is, we have found that the onsite spring in our lattice model is something like the mass in
our field theory, which is a useful tool to help build intuition between these two pictures. Moreover,
by equating these two dispersion relations in a certain limit, we have found for free that the length
of our slab in the field theory is equal to the number of sites times the lattice spacing in the lattice
picture, and we have found a formula for the lattice spacing.

Now that we have discussed the periodic boundary conditions system, let’s remove this rather
stringent constraint. In the next section, we will build up the methods necessary to probe over
arbitrary states on our slab.

3 Methods

Now that we have setup our problem, and have considered the special case of periodic boundary condi-
tions, we may now move on to the more general case. In this section, we discuss the methods necessary
in order to complete our analysis. In the last part of this section, we also develop a perturbation theory
on symplectic eigenvalues, which is vital in our solution.

3.1 Why Symplectic?

In section 1, we mentioned that our system of interest is solved using the notion of symplectic trans-
formations. We will now briefly describe why this is.
In the limiting case of N = 1, we see that our Hamiltonian simplifies to something like:

1
H =3 (Ap* + Ba?), (3.1)

for some constants of the system A and B. The key observation here is that equation 3.1 looks like a
harmonic oscillator. What we’d like to do now is to make this vague observation more obvious. So,
let’s consider the mapping * — Az = 2 and p — %p = p, where A € R*. Then, our Hamiltonian maps
to:

1 B
H=3 (AA%Q + FEQ) . (3.2)
Upon assuming that \? = §7 we find that our Hamiltonian is:
vVAB , 5 .
H ="~ (p* + 2%), (3.3)



where % (;52 + 9?2) is the harmonic oscillator with w = m = 1, and thus has a spectrum of (n + %)
Thus, we have found a transformation which has taken our initial Hamiltonian 3.1 to something that
is diagonal in the {x,p} basis of the form d; I, as in equation 3.3, where I is the 2 x 2 identity. Such
a transformation is provided from Williamson’s theorem, and thus is symplectic (c.f. Appendix A).

Thus, moving to arbitrary N inductively, we see that symplectic transformations will play a crucial
role in diagonalizing our Hamiltonian.

3.2 Computing Energies

It was shown in [5] that for a given lattice theory, if there is a state with some distribution of energy,
there must exist a state, with the same energy distribution, which maximizes the von Neumann entropy
—Tr{plog p}. We know that such a state must take the form:

1
L. 6um

= , (3.4)

p:

for some parameters 3, (c.f. Appendix B).

Clearly from equation 3.4, we see that our energies will depend on f3,. To numerically compute the
energies, we start with the partition function derived in Appendix B. We know that H = " (,H,
is a positive definite, real, 2N x 2N matrix, and so is subject to Williamson’s theorem. Thus, there
exists a symplectic matrix S that transforms SHS7 to a direct sum of harmonic oscillators. That is:

SHST = @d ( ) : (3.5)
Thus, our partition function becomes:

7 — Tr{e— . zaaHa} = ST [t (3.6)

{n;} 1
N 0o
= 1_[6_‘1"/2 Z e~ dini (3.7)
=1 n;=0
where in equation 3.6 we use that the spectrum of ( + ) isn; + %, for n; the usual occupation

number at site 7. In equation 3.7, we use oo for the upper bound of the occupation number because
we are considering a bosonic system. Then, using the usual geometric sum rule on equation 3.7, we
get that our partition function is:

(&
Z = H Tyt (3.8)

where d; are the symplectic eigenvalues of H.
Next, let’s derive the onsite energy in our system. Well, at a site a, the energy FE, is related to
the partition function via E, = dB (=In Z) . Then, using equation 3.8:

E, = d(;a [Z <d_ —In(1 edi))] = dga lz (diln (2cosh%>>] = d%a;ho(di). (3.9)

It then follows, from the functions defined in Appendix C, that we can write:

E, = Zm dﬁ (3.10)

~10 -



But, what is this %di quantity? Well, this is precisely the first order perturbative correction to the
ith symplectic eigenvalue of the matrix M = My + gV = H 4+ gH?*, for some small parameter g. Thus,
defining %di =qY

i,a°

we see that our onsite energy is given by:
E,=Y hu(d)d), (3.11)

where dgla) is defined in section 3.4 below.

3.3 Gradient Descent

Since from equation 3.11 we see that the onsite energies do in fact depend on our §,’s, to minimize
our energy, we may wish to numerically search over the space of states by varying {8,}. As a brief
aside, we wish to clarify that varying over {3,} is in fact varying the state of our system. We saw
above that the state of our system is given by equation 3.4:

1
p= e Tbulls (3.12)

which clearly shows that by varying over {f,} we are varying over the state of our system. And, now
that we have introduced these onsite parameters (,, we may consider an altered Hamiltonian, which
will be the weighted sum of onsite Hamiltonians:

H= Z B.H,, (3.13)

where each H, is a term in the sum of equation 2.2. We are considering 3.13 to be our new Hamiltonian
instead of 2.2 because we wish to find a true minimum energy for our system, where we only hold
fixed the size of our slab. But, by varying {3,}, and thus varying 3.13, we aren’t actually changing
the boundary conditions of our system. This is simply because some configurations of our state don’t
have a boundary condition interpretation, and so we can only consider them on an open chain. Then,
we would really consider our slab to have some (possibly mixed) state, which is then purified by the
outside physics®. However, we don’t care about this outside physics, so it suffices to only change the
state.

To ensure that a given set {8,} produces a physical state, we can require that we minimize the
cost function:

l 1 etn2 _ 1 set) 2
C(B, E) = 3 Z (Tr{p(B)Ha} — Ex*)" = 5 Z (Ea—EX")" (3.14)
where here E%¢ = (Es¢t, ... E5¢') is the set of energies that we are fixing. But, we are specifically

looking for uniform energy profiles. Then, to numerically find a minimum of our energy, we can
proceed using a gradient descent algorithm, subject to the constraint that our energy density profile
is uniform. That is, we use the cost function:

1

Cu =35> (Ea- Bo)? (3.15)

a

for some fixed E*¢*. Following [1], we will set E*¢! to the energy of the middle site(s) of our chain, and
we will initially set these 8 to be much larger than the others along the chain. And, when updating

80ne possible set of purifications is simply identifying the ends of the slab with periodic or antiperiodic boundary
conditions. However, often the purifications are not amenable to such boundary condition interpretations, and instead
describe some non-trivial physics outside the slab.

- 11 -



the B parameters, we do not update B,,;q- As an aside, the reason that this sets a true minimum
in our chain is because, when we set [,,;4 to be large, we are finding F,,;4 in the limit T — 0. In
words, this 0 temperature limit is truly the lowest energy that one can achieve. So, since our cost
function sets all other energies equal to this true minimum energy, we are guaranteed to find a uniform
minimum energy profile when minimizing the cost function®. And, when B.;q is large enough, Foniq
is independent of the other choices of 3,, as the H,,;q term will dominate in the Hamiltonian 3.13.

To reiterate, we know that minimizing the cost function 3.15 has to do with minimizing the
resultant uniform energy density because we hand select (,;q such that FE,;4 is the true T — 0
ground state energy. We then optimize the other 3, such that our energy profile is uniform, where
each energy is being set to this 7" — 0 limit of E,,;4. Moreover, we choose to set the middle energy
to the T" — 0 limit because this site on our chain is the most insensitive to the physics outside of our
slab. This is important because, for large enough N, we can assume that the energy we select in the
middle of the chain is not only in the T — 0 limit, but also in the N — oo limit, meaning it is in fact
the vacuum ground state energy for 7" — 0.

Thus, at each step of the gradient descent, we update our parameters using the rule:

oCy
fa = Ba—a 8, (3.16)

where as usual « is some learning rate that we choose to maximize the efficiency of our algorithm. In
order to compute the gradient %%ai, we must find the gradient of the energies. That is, we see that:

o0Cy ~ dEq
—_— = E, — E°¢") ——. 3.17
9B %: ( ) dpe (8.17)
The gradient of energy is computed explicitly in Appendix C, where we find that:
dE, dd; dd; 02d;
= ho(d;)— + hi(d;) ———. 3.18
2, ~ 2" g5 a5, + 2555, (3.18)

We already saw above in section 3.2 that (‘}gi is equivalent to the first order perturbative correction

to the ith symplectic eigenvalue of the total Hamiltonian perturbed by the ath onsite Hamiltonian.

0%d;
o L . 0Ba 0By . o
derivative is that it is the second order perturbative contribution to the ith symplectic eigenvalue of
the total Hamiltonian perturbed by the ath and bth onsite Hamiltonians via some small parameters

From equation 3.18 we see that we must make sense of The correct interpretation of this

ga and gy, respectively. This can readily be seen by expanding out the definition of the derivative.
62di _ d(2)

plectic eigenvalues, since these seems to be vital in our current analysis'®.

Thus, we have found that Next, let’s develop a perturbation scheme on sym-

3.4 Perturbation Theory on Symplectic Eigenvalues

Suppose we have a 2N x 2N real positive definite matrix M = My + gV, for some small parameter g,
and we wish to perturbatively solve for the symplectic eigenvalues of M. Then, utilizing Williamson’s

9Since the energy saturates exponentially in 3 (which can be found by recalling that the energy of a simple harmonic
oscillator is proportional to the average occupation number, which itself can be written in terms of an inverse exponential
using Bose-Einstein statistics.

10 After searching the literature, there seemed to be no concrete method of computing perturbative corrections to
symplectic eigenvalues to first and second order. Thus, section 3.4 is a novel extension of the work in [2], where we offer
analytic formulas for the first and second order perturbative corrections to symplectic eigenvalues.

- 12 —



theorem on M, and equation A.5:

(So +9BSo +g>CSo +...) (Mo + gV) (ST +gSTBT + ¢2STCT +...) = P (d§°> +gd§.”...)12,
j=1
(3.19)

() is the ith perturbative correction to the jth

where I is the usual 2 x 2 identity matrix, and dj
symplectic eigenvalue.
Next, we can match either side of equation 3.19 in powers of g. To 0th order, we get the usual

statement of Williamson’s theorem:
N
SoMoSo = P dV L. (3.20)
j=1
To 1st order in g, though, we get a more interesting result:
N
BSoMoST + SoV ST + SoMoSi BT = @ dV I (3.21)
j=1
And, to 2nd order in g, we get the equation:
N
CSoMoST + BSoV ST + BSoMoST BT + SoV ST BT + SoMpST O = P d I (3.22)
j=1

We next wish to solve for the first and second order perturbative contributions to a given symplectic
eigenvalue of M. Before proceeding, though, we must permute our symplectic matrices such that
Williamson’s theorem reads:

A© 0
S MySh, = DO = ( 0 A(0)> , (3.23)
where here A(®) is an N x N diagonal matrix of the N d;o)’s. Such a permutation matrix is straight-
forwardly found to be constructed by the rule that, on the ith row of our permutation matrix o, the
only nonzero element lies on the jth column, where j = N + % when i is even and j = ‘L when i is

2
odd. With this permutation, Williamson’s theorem takes the form of equation 3.23 when we set:

S, =oTSp. (3.24)

Throughout the rest of this section we will assume that we have already multiplied by this o.
Then, using equation 3.20, equation 3.21 becomes, in component form:
(0) 0) / pT _ @

Bix Dy + Pij + Dy (B )kj =D;;", (3.25)
where here and the rest of this section we will use Einstein’s summation convention!!, and we define
P = SoVST. Then, assuming i = j here, and not summing over a repeated i, we find that equation
3.25 becomes:

2B;;d\"” + Py; = dV. (3.26)
We learned in appendix A that equation A.6 implies that, as blocks, B;; = —BZ,. Thus, noting that
DE?) = Dz(?r)N,HN, we can shift the ¢ index in equation 3.26 by N, assuming i < N, to get:

~2B;;d" + Piiniin = d. (3.27)

HThat is, a repeated index in a given term is assumed to be summed over.

~ 13—



)

7

Finally, adding equations 3.26 and 3.27, and solving for d

dglg _ P+ P;JrN,iJrN. (3.28)
Thus, we have found a formula for the first order perturbative correction to symplectic eigenvalues.
Here, the a in the subscript was added to remind us that, for the problem at hand, the P matrix is
constructed from the ath onsite Hamiltonian, as this is our perturbing matrix.

Now, we wish to find the second order perturbative correction. In order to do this, though,
equation 3.22 tells us that we need to know the form of B. To compute components of B, it’s as
simple as using the symmetry properties of B from equation A.6, along with equation 3.25 when ¢ # j.
Combining these, it’s straightforward to find, for i # j and i,j < N:

dg'O)Pij +d" PN N

Bij = . -, (3.29)
(0) (0)
() = (4”)
0 0
B AP jyn —d Py (3.30)
R OV () '
> — 4
0 0
B AP jyn —d” Py (331)
i,j+N d(o) P} B d(o) D) ) .
7 J
and for i = 7 < N, we find that:
PiiNiynN — Py
By, = NN T i (3.32)

44"

The above equations give all of the contributing components of B. One may notice that we have
not defined the diagonal elements of the off-diagonal blocks of B. This is because there is actually no
closed form solution for these elements. This corresponds to some freedom on our choice of B, where
this freedom lies along the diagonal elements of the off-diagonal blocks because J has its non-zero
elements along these components.

Assuming that C has a block form, equation A.7 tells us that C1; +C4, = B?, + B12Ba;. Using this
formula, we can get rid of the C’s in equation 3.22, allowing us to write the second order perturbative
contribution to our symplectic eigenvalues as:

1
d%b = d{” ((B),, + (B12B21);;) + (Pik Bik + PN i Biyn i) + idéo) ((Bik)2 + (BHN,;C)Q) , (3.33)

where we are only summing over k. Here, the a, b subscripts were added to remind us that, generally,
we consider dEO) to be the ith symplectic eigenvalue of the matrix M = My + ¢,V, (no sum over a),
where for us My = H is the total Hamiltonian, V, = H, is our first perturbing onsite Hamiltonian,
and g, is some small parameter. Then, P is constructed with the second perturbing matrix V;, which

for us is Hp. The reason we consider M to be already perturbed above is because of our analysis in

2
(2) .. o°d;, 0 0d;
corresponds to the second derivative —— = —— .
P 08,06, _ 0By 0P

3.3, where we saw that d Thus, we

i,a,b
perturb an already perturbed matrix!2.
Now that we have formulated our numerical methods, let’s consider our results.

12 As a note, the analysis just presented is symmetric in swapping a and b, as the partial derivatives commute with
each other.
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4 Results and Discussions

We now have all of the necessary tools to perform our calculation. Preliminary results, found by
minimizing our cost function using a gradient-free optimization algorithm, show that there do in fact
exist states with energy less than that of a state with periodic boundary conditions. These results are
seen in figure 2. Although these data are incredibly noisy (in part due to the brute force algorithm
not converging for certain 2), we see clear evidence for the existence of states that have enhanced
negative energy. To clarify, these energies (the orange points) are enhanced simply because they are
less than the energies of states with the same Q where periodic boundary conditions are imposed (the
blue points for numerical results or the green line for analytic results).

Ground state energy vs field mass for N =10 Bosons, A=1, m=1

15 4

10 - \/
1
W05

0.0 4

—&— PBC
MNon-FBC
—05 4 — Analytic PBC
02 04 06 08 10 12

Figure 2. Numerical evidence of negative energy enhancement in 1D on a chain of length N = 10. The blue
data points are made from performing our optimization algorithm over the S4s for the Hamiltonian 3.13 with
additional terms that impose periodic boundary conditions. The orange data points are made from performing
our optimization algorithm over the f,s for the Hamiltonian 3.13 as it is, without any additional boundary
conditions. The green line is the analytic ground state energy for a system with PBC, from 2.25. We have
selected A =1, m = 1.

A wuseful plot to discuss the validity of the numerical results in figure 2 is figure 3. We see that, on
figure 3, the points where the blue data is closest to the green analytic line in figure 2, we have relatively
small cost function values for the PBC system. And, points where the non-PBC system energy either
goes negative (which is impossible here, since our Hamiltonian is positive definite) or is larger than the
analytic PBC energy (which should not happen if we truly have energy enhancement), the associated
cost function values are two orders of magnitude larger than those of the other, likely more accurate,
energies. And, the fact that these two scenarios — the non-PBC becoming negative and being larger
than the analytic PBC energy — have cost function values of the same order of magnitude, they are
both likely not reasonable results. We know for sure that the negative energy result is inconsistent
with our Hamiltonian, and so we can deduce that the points where our non-PBC energy is greater
than that of the analytic PBC system are also inconsistent. Thus, figure 3 gives further evidence that
our enhanced energy states are valid.
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Log-Log Plot of Cost Function vs Field Mass, A=1,m=1

—&— PBC Cost

1071 - Mon-PBC Cost \.‘#_,,,.

1072 1
1073 3

107* 4

02 0.4 06 0.8 10 12

Figure 3. Cost function (3.15) values for the numerical data shown in figure 2, plotted on a log-log plot due to
the large range of values. A smaller cost function value corresponds to a more accurate corresponding energy
value in figure 2. The blue and orange data correspond to those in figure 2.

We are working on find an analytic expression for the second order perturbative contribution to
symplectic eigenvalues. Once we find this, our numerical implementation will increase in speed greatly.

After we find the minimum possible negative energy by implementing this gradient descent algo-
rithm, the process would proceed as follows. We would perform this minimization of the energy for
various (2, which in 2.3.3 we saw is equivalent to the field theory mass. Then, we would find the power
law relationship between the minimum energy and 2. That is, suppose we find that the optimized
ground state energy that we find scales as Q7. Then, in the fashion of [1], a massless bosonic field of
sufficiently high dimension would have a UV sensitive ground state energy.

To clarify, suppose we find that our optimized ground state energy scales as P. Then, we would
consider a (d+ 1)D massless bosonic field, with d — 1 transverse dimensions having on-shell momenta.
That is, each transverse direction can itself be considered a (1+1)D bosonic field with mass given by the
corresponding on-shell momentum. Each momentum is on-shell (or, can be considered a mass) because
the transverse dimensions are not on a slab, but are translation invariant. Thus, their contribution
to the field are of the form e*+'#+ multiplied by the (1 4+ 1)D field along the slab, where k; are the
transverse momenta and z; are the transverse directions. Our (now massless) (d + 1)D field theory,
described by:

L= 3 0) 5 (Vo) (11)

2
picks up an extra factor of —%d){ which looks like a mass. The reason, for sufficiently large d, that
we have a UV sensitive optimized ground state energy is because our energy goes as:

/dkflump. (4.2)

Thus, what we have found is that, if our power law relationship in the (1 + 1)D case has a power
of p > 1 —d, then our (d 4+ 1)D energy is clearly UV sensitive. Thus, the corresponding states in
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our (d + 1)D field theory carry negative energy that can be arbitrarily negative, since our energy is
unbounded when taking the limit of large mass cutoff.

It would be interesting to consider the above analysis with two additional, physical constraints.
Firstly, the states we search for above are not physically allowed states within a wormhole construction,
so we would firstly want to impose a (2 + 1)D Poincaré invariance, which would guarantee that our
states are physical. Secondly, it would be interesting to impose the constraint that our states are
stationary. That is, that the T,, component of our energy momentum tensor is also uniform across
the chain.
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A Symplectic Methods

In this appendix we review the main definitions and theorems of symplectic transformations that show
up throughout this thesis. For a more complete review of these methods, see [2, 6, 7], and all the
references therein. Everything in this Appendix is either directly from or a corollary of the methods
in [2, 6, 7].

A.1 Symplectic Transformations

To start, we begin by constructing symplectic transformations. To do so, we must first define a
symplectic form:

Definition 1 Let V' be a real vector space. Then, a symplectic form onV is a mappingw : VxV —
R which is bilinear and antisymmetric in its entries, and also non-degenerate.

Given any symplectic form, we can combine a real vector space with this form to form a symplectic
space, as defined below:

Definition 2 A4 real symplectic space is a pair (V,w), with V a real vector space on R and w a
symplectic form.

Finally, with this definition of real symplectic spaces, we can construct the group of symplectic trans-
formations:

Definition 3 The set of all symplectic automorphisms S : (E,w) — (E,w) forms a multiplicative
group, Sp(E,w) satisfying:
SJsT =7, (A1)

where we choose J, in block-diagonal form, to be:

J = (_OI é) , (A.2)

with I being the N x N identity matrixz. More generally, J is just some 2N x 2N antisymmetric,
wnvertible matrix.
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This machinery on its own is quite beautiful, and can be seen as a generalization of orthogonality.
That is, the statement of orthogonality is that OO” = I for some matrix, O, or rather OIOT = I.
Thus, a symplectic matrix is seen to be the case where we replace the usual identity matrix, I, with
some invertible, antisymmetric matrix, J.

A.2 Williamson’s Theorem

When considering symplectic transformations, we find a slightly different form of diagonalization which
in the current analysis is indispensable:

Theorem 1 (Williamson’s Theorem) Let M be a positive-definite, real, 2N x 2N matriz. Then, there
exists a symplectic transformation, S, such that:

SMST =D, (A.3)

where
N

D= j@dj <é g) : (A4)

where for all j, d; > 0. This set of numbers {d;} is known as the set of symplectic eigenvalues of M.

A very accessible proof of this theorem is found in [6].

A.3 Symplectic Perturbation Theory

It is known that perturbation theory on symplectic matrices is more easily done using a multiplicative
perturbation structure, as opposed to the usual additive structure [2]. Thus, if we are perturbing a
symplectic matrix, S, in some small parameter g, we write the perturbative series as:

S(g) = (I+ 9B+ g°C + 0O(g°)) So, (A.5)

which is natural when realizing the multiplicative nature of the symplectic structure!®. We also know
that in order for S(g) to be symplectic, B must satisfy the following equation [2]:

BJ+JBT =0, (A.6)
and further that C' must satisfy:
CJ+JCT + BIBT =0. (A7)

B11 Bio
Boy B
is equivalent to saying that Bj; = fBQTQ and that Bys and By; are symmetric.

Supposing that B is a block diagonal matrix, of the form B = ( ) . Then, equation A.6

B Entropy Maximizing States

Given some state on a lattice with energy distribution (E1, ..., Ex), there always exists a von Neumann
entropy maximizing state with the same energy distribution [5]. We would like to find the form of
this entropy-maximizing state, p. Then, for a given set of onsite H, subject to the constraint that

13Specifically, that the symplectic matrices form a group under matrix multiplication.
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the expectation value of H, is E,, we see that, in order to find p, we must extremize the equation of
constraint:

—Tr{plog p} = Y Ba (Tr{pHa} — Ea) — v (Tr{p} — 1), (B.1)

where {(,} and v are Lagrange multipliers. The second term above sets the expectation value of each
H, to be E,, while the third term above sets the normalization condition for our density matrix p.
Thus, extremizing equation B.1 by demanding a vanishing variation:

—Te{dplogp—6p} — > _ Ba Tr{0pHa} — v Tr{ép} =0 (B2)

Tr{ép (logp—1+ZﬁGHa+7>} =0. (B.3)

As equation B.3 holds for arbitrary dp, we find that our state p must satisfy:

logp=— Z B.H, + const., (B.4)

meaning our p takes the form:
p=e" 2 BaHa geonst. (B.5)

And, imposing the constraint that p is properly normalized, we find that:

1 1
const. _ — . B.6
‘ Z(5) ~ Tr{e S Patie) (B-6)
Thus, our final entropy-maximizing state is:
1
— - Za Ba Ha B 7
€ )
=7 (B.7)
where Z() is our partition function.
C Useful Functions for Energy Gradient
We saw in section 3.2 that d
E, = ho(d;). 1
M SIS ©)

i
We wish to pass the derivative through the sum. Doing so, we define the following functions (following
closely the notation of [1]):

ho(dl) = Clz —In (2 COSh(dZ‘/Q)) (CQ)
Vo (d) =1 Smd/2) L |
hi(d;) = hy(d;) =1 Scosh(di/2) 2 (2 — tanh(d;/2)) (C.3)
ho(d;) = by (d;) = ’i (1 - tanh®(d;/2)) . (C.4)
Then, passing the derivative through the sum, we find that:
dd;
E, = hi(d;)— .
> ) 35 (€5)
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In section 3.3, we note that we wish to compute ‘ég:. Using equation C.5:

dE, dd; dd; 0%d;
a, ~ 2= g5 a5, + 2 M@ 5555 (C.0)

where these first and second derivatives are defined in section 3.4.
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